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Abstract 
During their operation, modern aircraft engine components are subjected to increasingly demanding operating conditions, 
especially the high pressure turbine (HPT) blades. Such conditions cause these parts to undergo different types of time-dependent 
degradation, one of which is creep. A model using the finite element method (FEM) was developed, in order to be able to predict 
the creep behaviour of HPT blades. Flight data records (FDR) for a specific aircraft, provided by a commercial aviation 
company, were used to obtain thermal and mechanical data for three different flight cycles. In order to create the 3D model 
needed for the FEM analysis, a HPT blade scrap was scanned, and its chemical composition and material properties were 
obtained. The data that was gathered was fed into the FEM model and different simulations were run, first with a simplified 3D 
rectangular block shape, in order to better establish the model, and then with the real 3D mesh obtained from the blade scrap. The 
overall expected behaviour in terms of displacement was observed, in particular at the trailing edge of the blade. Therefore such a 
model can be useful in the goal of predicting turbine blade life, given a set of FDR data. 
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Abstract
In the present work a generally applicable failure model for the assessment of crack onset in adhesive lap joints which is based on
finite fracture mechanics is presented. The approach combines a general sandwich-type model with a coupled stress and energy
criterion that requires only two fundamental failure parameters: the strength and the toughness of the adhesive. The failure model
allows for the analysis of various joint configurations featuring a single overlap as e.g. single lap joints, L-joints, T-joints or DCB
specimens. In a comprehensive study, the effects of material parameters on the failure load and the limitations of the present
approach regarding the joint configuration are discussed by means of a dimensionless brittleness number. Additionally, the findings
are compared to results of a numerical approach using cohesive zone models and to experimental data reported in literature. A
good agreem nt for a wide range of jo nt configurations is achieved.
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Peer-review under responsibility of the Scientific Committee of ECF21.
Keywords: Adhesive joints, Joint strength prediction, Brittle failure, Finite fracture mechanics
1. Introduction
With the growing demand for lighter but more resistant structures adhesive bonding has prevailed and approved
itself as a joining method in many engineering applications due to several advantages compared to traditional assembly
methods (Adams et al. (1997)). Mechanical fasteners such as rivets or bolts, for instance, induce stress concentrations
which typically lead to the premature failure of the structure. Conversely, adhesive joints allow for a more even load
transfer with less critical stress concentrations at the overlap’s end. However, for a reliable and safe design of adhesive
joints, a profound knowledge of the associated failure behaviour and trustworthy methods for the assessment of the
structure’s load bearing capacity are required.
The occuring stress concentrations in adhesive joints which are singular in the context of linear elasticity, im-
pose difficulties on the effective joint strength prediction. Classical stress based or energy based criteria can only be
evaluated non-locally and require an additional non-physical length parameter for a successful application.
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Nomenclature
A crack area
∆a,∆A newly created finite crack length/area
A11 extensional stiffness of the adherend
A55 transverse shear stiffness of the adherend
b adhesive joint width
D11 flexural rigidity of the adherend
Ea Young’s modulus of the adhesive
Ga shear modulus of the adhesive
G differential energy release rate
GI ,GII contributions of cracking modes I and II to the differential energy release rate
G¯ incremental energy release rate
G¯I , G¯II contributions of cracking modes I and II to the incremental energy release rate
GIc,GIIc critical energy release rates/fracture toughnesses in mode I and II
h1,h2 adherend thicknesses
k shear correction factor
L overlap length
t adhesive layer thickness
νa Poisson’s ratio of the adhesive
Ωc potential crack surface
∆Π finite change of total potential energy
σc tensile strength
σI maximum principal stress
σa,τa adhesive peel and shear stress
τc shear strength
〈·〉 Macaulay brackets
A concept that circumvents the need of such a length parameter is provided by finite fracture mechanics (FFM)
(Hashin (1996)) that assumes an instantaneous formation of cracks of finite size. Within this framework Leguillon
(2002) proposed a coupled criterion for the determination of the crack initiation load and the corresponding finite
crack size for sufficiently brittle materials. It is assumed that cracks of finite size initiate if two necessary conditions,
a stress and an energy criterion, are fulfilled simultaneously. Its application to assess crack onset in single lap adhe-
sive joints using linear (Mendozza-Navarro et al., 2013; Moradi et al., 2013) or non-linear Finite Element Analyses
(Hell et. al., 2014; Weißgraeber et al., 2015; Carre`re et al., 2015) as well as analytical models (Cornetti et al., 2012;
Weißgraeber and Becker, 2013) has proven to be successful. A comprehensive overview on the coupled criterion and
further applications can be found in Weißgraeber et al. (2016).
In the present work an efficient general failure model addressing the effective joint strength prediction of arbitrarily
shaped adhesive lap joints is employed (Stein et al., 2015). The approach combines a general sandwich-type model
proposed by the authors (Weißgraeber et al., 2014) that allows for a quick evaluation of the adhesive stresses in various
adhesive joint designs with the coupled criterion in the framework of FFM. The effects of the adhesive fracture
parameters on the failure load and corresponding finite crack size predictions are investigated and the determined
joint strengths are compared to numerical reference solutions obtained with a cohesive zone model and additionally
to experimental data from literature.
2. Modeling of adhesive joints
For the determination of the stress distribution in the adhesive layer a general sandwich-type model proposed by
Weißgraeber et al. (2014) is used. The characteristic modeling approach of general sandwich-type analyses is based
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Fig. 1. Sandwich element with any combination of tensile, shear and moment loading at the adherends’ ends.
on the sole consideration of the overlap region of the adhesively bonded joint with any combination of tensile forces
T , transverse forces V and bending moments M at each end of the adherends, as shown in Fig.1. Here, the overlap
region has the overlap length L, the respective adherend thicknesses h1 and h2 and the adhesive layer thickness t. This
modeling concept, which was first proposed by Bigwood and Crocombe (1989), allows for the analysis of a large
amount of joint configurations, as e.g. single lap joints, L-joints, T-joints, corner joints or DCB specimens, as only
the corresponding section forces and moments have to be identified. In the present joint analysis laminated adherends
including bending-extension coupling are taken into account by employing the First Order Shear Deformation Theory
(FSDT). The adhesive layer is modeled as a simplified continuum consisting of smeared springs in normal and shear
direction which is often referred to as weak interface. For symmetric joint configurations with identical adherends a
closed-form solution for the adhesive stresses can be given as
τa(x) = C1 +C2 sinh(
√
α1x) +C3 cosh(
√
α1x), (1)
σa(x) = C4 sinh(Γ1x) +C5 cosh(Γ1x) +C6 sinh(Γ2x) +C7 cosh(Γ2x), (2)
with the auxiliary quantities
α1 = 2
Ga
t
 1A11 +
h1 + t2
2 1D11
, Γ1,2 = 1√
2
√
β1 ±
√
β21 − 4β2, (3)
β1 = 2
Ea(1 − νa)
(1 + νa)(1 − 2νa)
1
kA55
, β2 = 2
Ea(1 − νa)
(1 + νa)(1 − 2νa)
1
D11
, (4)
where A11 is the extensional stiffness, D11 the flexural rigidity, k the shear correction factor, A55 the transverse shear
stiffness of the adherends, Ea the adhesive’s Young’s modulus, νa the Poisson’s ratio of the adhesive, Ga the adhesive
shear modulus andC1−C7 are free constants which have to be determined from the corresponding boundary conditions
(cf. Weißgraeber et al. (2014)).
For the analysis of single lap joints the large bending deformations of the adherends are taken into account by
introducing a non-linear moment and transverse force factor that relates the applied uniaxial tensile load to bending
moments and transverse forces acting at the end of the overlap. In this work, the bending moment and transverse
force factor proposed by Talmon l’Arme´e et al. (2016) is used since it is applicable to single lap joints with composite
adherends and is based on a very similar theoretical background as the present model. Talmon et al. also used the
FSDT to model composite adherends including bending-extension coupling and derived a closed-form solution for
the bending moment and transverse forces acting at the ends of the overlap region. For the other joint configurations
simple linear statics is used to determine the loading of the overlap region.
3. General failure model
In addition to the calculation of the adhesive stresses a suitable failure criterion has to be chosen for a failure
prediction. In former works it has proven to be successful to apply a coupled criterion settled in the framework of
FFM that combines a stress and an energy criterion as proposed by Leguillon (2002).
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In FFM an instantaneous formation of cracks of finite size is considered if a crack formation criterion is satisfied.
Hence, for the associated energy balance incremental quantities are considered as opposed to linear elastic fracture
mechanics (LEFM) where differential quantities are used. The incremental energy release rate G¯ that relates the finite
change of potential energy ∆Π to the corresponding finite crack area ∆A replaces the differential energy release rate
G. For the limit case of vanishing crack lengths the incremental reverts to the differential energy release rate. Hence,
the incremental energy release rates can be determined from the differential energy release rate by integration over the
finite crack area:
G¯ = 1
∆A
∫ A+∆A
A
G(A˜)dA˜ = −∆Π
∆A
. (5)
For the two-dimensional case, crack growth is considered over the whole depth b of the structure, so that the finite
crack area ∆A can be written as ∆A = b∆a, where ∆a is the finite crack length.
In the case of weak interface models such as the general sandwich-type model crack growth is directly related to
a respective shortening of the overlap (Krenk (1992)). The released energy of cracks emerging horizontally from the
overlap’s end equals the strain energy stored in the spring ahead of the crack tip. Hence, the differential release rate
for mode I and II can be written by means of the peak peel and shear stresses at the end of the overlap (Lenci (2001))
denoted by the index max
GI = 12
t
Ea
σ2max, GII =
1
2
t
Ga
τ2max. (6)
With eqn.(5) we obtain the incremental energy release rates in mode I and II by integration over the finite crack length
G¯I = 1
∆a
∫ L
L−∆a
1
2
t
Ea
σmax(L˜)2dL˜, G¯II = 1
∆a
∫ L
L−∆a
1
2
t
Ga
τmax(L˜)2dL˜. (7)
Within the scope of FFM Leguillon (2002) proposed to use a stress criterion in addition to an energy criterion
as a crack formation criterion so that crack onset is predicted if both criteria are fulfilled simultaneously. As brittle
material behaviour is considered the maximum principal stress criterion evaluated in a point-wise manner, i.e. the
maximum principal stress σI has to exceed the tensile strength σc on the whole area Ωc of the potential finite crack,
is used in the present work. For the energetic criterion a linear interaction law of the contributions of cracking modes
I and II to the incremental energy release rate (G¯I and G¯II) with respect to the associated fracture toughnesses GIc and
GIIc is implemented. Additionally, it is assumed that the fracture toughness in mode II equals two times the fracture
toughness in mode I (GIIc = 2GIc) which is a common assumption (da Silva et al. (2006); Campilho et al. (2009)) and
keeps the number of fracture parameters to a minimum. Hence, the coupled criterion can be given as
σI(P, x) ≥ σc ∀x ∈ Ωc(∆a) ∧ G¯I(P,∆a)GIc +
G¯II(P,∆a)
2GIc ≥ 1. (8)
Since we have monotonically decaying stresses with respect to the distance from the end of the overlap and monoton-
ically increasing incremental energy release rates with respect to the crack length the inequalities revert to equalities.
In this setting, the crack initiation load Pf , which corresponds to the failure load for adhesive joints with brittle ad-
hesives, can be defined as the smallest load that simultaneously fulfils both criteria for any kinematically admissible
crack lengths. The corresponding optimization problem can be written as
Pf = min
P,∆a
{
P
∣∣∣∣ σI(P,∆a) = σc ∧ G¯I(P,∆a)GIc + G¯II(P,∆a)2GIc = 1
}
. (9)
Due to the incorporation of the non-linear moment and transverse force factor for axially loaded single lap joints
the calculated incremental energy release rates and the stresses depend non-linearly on the applied load. In this case,
the general optimization problem (eqn.(9)) is solved by an efficient iterative solution scheme as proposed by Stein
et al. (2015). For the other joint designs the equations are decoupled by combining the energy criterion and the square
root of the stress criterion to obtain an implicit equation for the crack length. Thus, the crack length can directly be
obtained by solving the following equation which is independent of the applied load P:
σI(∆a)2∆a∫ L
L−∆a σmax(L˜)
2 + 12
Ea
Ga
τmax(L˜)2dL˜
=
tσ2c
2EaGIc . (10)
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The corresponding failure load Pf can either be obtained from the stress or from the energy criterion by inserting the
determined finite crack length and solving for the applied load. In order to analyze the limitations of the presented finite
fracture mechanics model regarding brittle structural behaviour a non-dimensional quantity, which is often referred
to as brittleness number, is introduced. In recent works (Cornetti et al., 2012; Weißgraeber and Becker, 2013), this
concept has proven to be successful to analyze whether an adhesive joint configuration can be assessed with the
coupled criterion. In the setting of the present work it can be given as
µ =
σ2I,max
σ2max +
Ea
2Ga
τ2max
2EaGIc
tσ2c
. (11)
The brittleness number µ relates the stress criterion evaluated at the very end of the overlap region to an energetic
criterion in the context of LEFM. If the brittleness number equals one (µ = 1) both criteria are simultaneously
satisfied. The FFM criterion reverts to an LEFM criterion and the corresponding crack size is infinitesimally small.
Hence, low brittleness numbers indicate brittle failure.
4. Cohesive zone model
In addition, a numerical approach using cohesive zone models (CZMs) has been implemented for a comprehensive
assessment of the presented analytical model. In recent years CZMs have proven to be successful for the failure pre-
diction in adhesive joints and are well-established approaches regarding effective joint strength predictions (da Silva
and Campilho, 2012). The investigated adhesive joints are modeled two-dimensionally using plane-strain solid ele-
ments and zero-thickness cohesive elements in the commercial finite element software Abaqus 6.14. Approaching the
end of the overlap smaller sized elements are used to accurately capture the stress field at the locations where cracks
are expected to occur. More than six elements over the adhesive thickness as well as more than ten elements over the
adherend thickness are employed. Geometrically non-linear analyses are performed to take into account the geometric
non-linear characteristics of axially loaded adhesive single lap joints. The joints are loaded displacement-controlled
and linear elastic material behaviour is considered for the adherends and adhesive.
The cohesive elements are placed along the interfaces where adherend and adhesive meet and crack onset is prone
to occur. Crack growth is simulated by means of a bilinear traction-separation law that describes elastic behaviour until
a damage initiation criterion is satisfied and subsequently a linear degradation of the element stiffness until the nodes
finally debond. The initial elastic stiffness of the cohesive elements is set to 106N/mm3 as proposed by Gonc¸alves
et al. (2000) to avoid a change in the structural global stiffness. As a damage initiation criterion a quadratic stress
based criterion is employed( 〈σ〉
σc
)2
+
(
τ
τc
)2
= 1, (12)
where τc is the shear strength and 〈·〉 are the Macaulay brackets. Complete debonding is predicted if a linear interaction
law of the energies done by the traction and corresponding relative displacements with respect to the fracture toughness
in mode I and II is satisfied:
GI
GIc +
GII
2GIc = 1. (13)
The same assumption as for the analytical model regarding the fracture toughness in mode II (GIIc = 2GIc) is assumed
to hold. Further, the failure load for the CZM approach is defined as the peak load in the load-displacement curve
of the structure. For an adequate choice of the cohesive element length and the required regularization parameter for
numerical convergence, parametric studies have been performed with decreasing element sizes and levels of damping.
Both non-physical parameters are suitably chosen such that the results are not affected.
5. Results
In the following the effects of the adhesive fracture parameters on the failure load and finite crack length predictions
obtained with the outlined general failure model are shown for exemplary joint configurations and the findings are
compared to numerical as well as to experimental results of two test series (Banea et al., 2011; Fernandes et al., 2015).
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Fig. 2. Effect of the tensile strength σc (Left) and the fracture toughness GIc (Right) on the failure load (solid lines) and finite crack length
predictions (dashed lines) for typical steel-epoxy-steel single lap joint designs. The steel is modeled as linear elastic with a Young’s modulus of
210GPa and a Poisson’s ratio of ν = 0.3. In the right diagram adhesive single lap joints with varying adhesive layer thicknesses are investigated.
5.1. Effects of adhesive fracture parameters
The diagram depicted in Fig. 2 (left) shows the failure load and finite crack length predictions for three different
values of the fracture toughness GIc over the tensile strength σc. Obviously, for sufficiently high tensile strengths the
failure load predictions are independent of the fracture toughness and negligible finite crack lengths are predicted. In
these cases, we have a brittleness number that equals unity (µ = 1) and the FFM criterion degenerates. For the other
combinations of σc and GIc which are of more practial importance finite crack lengths are predicted and the fracture
toughness strongly influences the failure load predictions. For very small values of the tensile strength (σc < 6N/mm2)
wich corresponds to large brittleness numbers (µ > 100) very large finite crack lengths (∼ 1/4L) are predicted. In this
range, it is questionable whether these results are still physically correct. The effect of the fracture toughness on
the failure load and finite crack length predictions for single lap joints with three different adhesive thicknesses is
illustrated in Fig. 2 (right). At the points at which the brittleness number becomes unity the curves of the failure
load predictions show a kink. For lower fracture toughnesses that correspond to lower brittleness numbers the failure
load predictions are independent of the toughness and zero crack lengths are predicted. For the range of GIc values
in which the brittleness number is larger than unity finite crack lengths and increasing failure loads with increasing
toughness are predicted. Further, the results show that the coupled criterion is capable of reproducing the adhesive
layer thickness effect (Gleich et al., 2001) which states that single lap joints with thicker adhesive layer yield lower
failure loads. In this case, the energy condition in the coupled criterion dominates the failure behaviour. Increasing
the adhesive thickness leads to an increase of the released energy during crack onset which results in lower failure
loads. The obtained results are in accordance with the findings presented by Weißgraeber and Becker (2013) who
additionally proposed to set µ = 22 as an upper quantification limit for the brittleness number for their FFM approach.
5.2. Comparison to numerical and experimental results
At first an experimental test series regarding the effect of the overlap length on the failure load of aluminum-
AV138/HV998-aluminum single lap joints performed by Fernandes et al. (2015) is investigated. Fig.3 (left) shows the
failure load predictions obtained with the numerical CZM model as well as the analytical FFM approach in addition
to the experimental results with corresponding error bars. The required material data of the adhesive are taken from
standard test results reported in literature (da Silva et al., 2006). The failure load predictions are in a good agreement
with the experimental results and the qualitative trend of increasing failure loads with increasing overlap length is
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Fig. 2. Effect of the tensile strength σc (Left) and the fracture toughness GIc (Right) on the failure load (solid lines) and finite crack length
predictions (dashed lines) for typical steel-epoxy-steel single lap joint designs. The steel is modeled as linear elastic with a Young’s modulus of
210GPa and a Poisson’s ratio of ν = 0.3. In the right diagram adhesive single lap joints with varying adhesive layer thicknesses are investigated.
5.1. Effects of adhesive fracture parameters
The diagram depicted in Fig. 2 (left) shows the failure load and finite crack length predictions for three different
values of the fracture toughness GIc over the tensile strength σc. Obviously, for sufficiently high tensile strengths the
failure load predictions are independent of the fracture toughness and negligible finite crack lengths are predicted. In
these cases, we have a brittleness number that equals unity (µ = 1) and the FFM criterion degenerates. For the other
combinations of σc and GIc which are of more practial importance finite crack lengths are predicted and the fracture
toughness strongly influences the failure load predictions. For very small values of the tensile strength (σc < 6N/mm2)
wich corresponds to large brittleness numbers (µ > 100) very large finite crack lengths (∼ 1/4L) are predicted. In this
range, it is questionable whether these results are still physically correct. The effect of the fracture toughness on
the failure load and finite crack length predictions for single lap joints with three different adhesive thicknesses is
illustrated in Fig. 2 (right). At the points at which the brittleness number becomes unity the curves of the failure
load predictions show a kink. For lower fracture toughnesses that correspond to lower brittleness numbers the failure
load predictions are independent of the toughness and zero crack lengths are predicted. For the range of GIc values
in which the brittleness number is larger than unity finite crack lengths and increasing failure loads with increasing
toughness are predicted. Further, the results show that the coupled criterion is capable of reproducing the adhesive
layer thickness effect (Gleich et al., 2001) which states that single lap joints with thicker adhesive layer yield lower
failure loads. In this case, the energy condition in the coupled criterion dominates the failure behaviour. Increasing
the adhesive thickness leads to an increase of the released energy during crack onset which results in lower failure
loads. The obtained results are in accordance with the findings presented by Weißgraeber and Becker (2013) who
additionally proposed to set µ = 22 as an upper quantification limit for the brittleness number for their FFM approach.
5.2. Comparison to numerical and experimental results
At first an experimental test series regarding the effect of the overlap length on the failure load of aluminum-
AV138/HV998-aluminum single lap joints performed by Fernandes et al. (2015) is investigated. Fig.3 (left) shows the
failure load predictions obtained with the numerical CZM model as well as the analytical FFM approach in addition
to the experimental results with corresponding error bars. The required material data of the adhesive are taken from
standard test results reported in literature (da Silva et al., 2006). The failure load predictions are in a good agreement
with the experimental results and the qualitative trend of increasing failure loads with increasing overlap length is
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Fig. 3. Comparison of failure load predictions and experimental results for adhesive single lap joints from Fernandes et al. (2015) (Left) and for
DCB specimens from Banea et al. (2011) (Right). The aluminum adherends for the adhesive single lap joints are modeled as lienar elastic with a
Young’s modulus of 70GPa and a Poisson’s ratio of 0.33.
rendered by both approaches. The predicted crack lengths are in the range of .95mm< ∆a < 1.1mm which are
typical values for the predicted crack lengths in adhesive single lap joints, see e.g. Hell et. al. (2014). Additionally,
an experimental test series addressing the failure behaviour of steel-XN1244-steel DCB specimen over a wide range
of temperatures (Banea et al., 2011) is studied, see Fig.3 (right). The temperature dependent material properties of
the adhesive are given in Table 1. The failure load predictions by both approaches are within the experimental scatter
and show a very good agreement with the experimental data even though the adhesive material properties vary over a
wide range. However, the corresponding brittleness numbers of the adhesive joint configurations are within a range of
1 < µ < 15 and the adhesive joints are therefore assessable with the present model. In summary, the presented failure
model shows a good agreement with the experiments, gives conservative results compared to the CZM approach and
offers a wide variety of applications.
Table 1. Temperature dependent material properties of the adhesive XN1244 (Banea et al. (2011))
Property RT 100◦C 150◦C 200◦C
Young’s modulus Ea [N/mm2] 5870 4173 72 40
Poisson’s ratio νa [-] 0.35 0.35 0.35 0.35
Tensile strength σc [N/mm2] 68.23 45.16 6.49 1.44
Fracture toughness Gc [N/mm] 0.47 0.5 0.42 0.07
6. Conclusion
In the present work a general failure model based on finite fracture mechanics with a broad applicability on dif-
ferent adhesive lap joint configurations is presented. It is shown that the outlined approach which combines a general
sandwich-type model with the physically sound coupled stress and energy criterion is capable of covering the main
effects of the geometrical and material parameters on the failure load of adhesive lap joints by means of only two
fundamental failure parameters: the strength and the toughness of the adhesive. A thorough comparison of the find-
ings with the results obtained with a numerical approach using cohesive zone models and experimental results yields
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a good agreement for several joint configurations. The analytical finite fracture mechanics approach even gives con-
servative results within the scatter of the experimental data of a test series regarding the failure behaviour of DCB
specimen over a wide range of temperatures. Finally, a dimensionless brittleness number is introduced that allows to
discuss the limitations of the model’s applicability regarding brittle structural behaviour.
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